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WEAK SOLUTIONS OF THE POROUS MEDIUM EQUATION
IN A CYLINDER

BJORN E. J. DAHLBERG AND CARLOS E. KENIG

ABSTRACT. We show that if D C R” is a bounded domain with smooth bound-
ary,and ue€ L™(Dx (¢, T)), u >0, solves % =Au™, m > 1, in the sense
of distributions on D x (0, T), and vanishes on 8D x (0, T) in a suitable
weak sense, then u is Hélder continuous in D x (0, T).

1. INTRODUCTION
The initial value problem for the porous medium

(N %—?:Au’", m>1, u>0,
has recently received considerable attention. An important direction was the
study of the solvability properties of the initial value problem in R” x (0, o).
We want to mention here the results of Aronson and Caffarelli [1], Benilan,
Crandall and Pierre [2] Dahlberg and Kenig [3, 4].

Combining the results of the above papers we have the following picture. Let
u >0 be a measure on R”. Then equation (1) has a solution in R” x (0, oo)
with initial data u if and only if

#(lx| < R) = o(R" +2/(m — 1))

as R — oo. Furthermore, the solution is unique in the class of nonnegative
continuous weak solutions.

For the heat equation du/dt = Au we remark that the corresponding growth
condition is that

/ e~ du < 0o

forall ¢ >0.

The theory of the initial value problem for a bounded domain has been
carried out in Dahlberg and Kenig [5]. Denote by  the class of all u €
C(D x (0, )), u>0, such that u =0 on 9D x (0, co) and u solves (1) in
the distribution sense. In contrast to the linear theory there exists a solution in
& without an initial trace of ¢ = 0. In fact, we have the following result.
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Theorem 1.1. Let D C R” be a bounded domain with a smooth boundary. Then
there is a solution B > 0 of the porous medium equation such that p € & and
u(x,t)< B(x,t) forall ue P andall (x,t) € D x (0, 00).

By removing this exceptional solution B one has the following theory for the
initial value problem.

Theorem 1.2. Let D C R" be a bounded domain with a smooth boundary. If
UEDP, u#tp then
sup/ d(x)u(x, t)dx <
t>0 JD
where d(x) = dist(x, dD). For all n € C°(R") with n =0 on 9D the limit
(2) lim | u(x, t)n(x)dx = A(n, u)
ti0 Jp

exists. Furthermore, there are nonnegative measures v and A on D and 8D
respectively, such that

(3) / o(x)du(x) < oo, di < oo
D oD
and
_ on
(4) A(mu)—/Dndw/aDandz.

Here 0/0n denotes differentiation along the normal direction. Conversely, if
i and A are two nonnegative measures satisfying (3), then there is a unique
ueP, u#p satisfying (4).

Before stating the next part of the theory we want to recall some facts from
the potential theory. We refer the reader to e.g. Helms [6] for an account of
this.

We will let G denote the Green function of D, i.e. G has the property that
the solution of the problem

Av=—~finD, v=0o0ondD,
is given by the Green potential

v(x) = Gf(x) = /D G(x, y)f(»)dy.

For A a nonnegative bounded measure on 9D we denote by # A the Poisson
integral of A, i.e. the unique nonnegative harmonic function in D that takes
the boundary value A in a weak sense.

A function h: D — (—o0, oo] is called superharmonic in a domain D if it
is lower semicontinuous, not identically infinite and whenever B = B(x, r) =
{&:]x — €| < r} C D one has the inequality

1
hx) > o /B h(E)de,

where |B| = [, d¢. The Riesz representation theorem states that 4 is nonneg-
ative and superharmonic in D if and only if there are nonnegative measures u
and A satisfying (3) such that # = Gu + Z 4. Furthermore, the measures u
and A are uniquely determined by 4.
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Theorem 1.3. For u € % denote the Green potential of u by
wix, 0= [ Gl y)uy, ndy.

Then dw/dt = —u™ < 0, Aw = —u and since w is nonincreasing in t the
pointwise limit

h(x) = ltilrglw(x, t) € [0, +00]

exists for all x € D. Now u = B ifand only if h(x) = +oo forall x € D. If
u € P\{B} then h is nonnegative and superharmonic in D . Conversely, given
a nonnegative and superharmonic function h in D there is a unique solution
u € P\{B} such that h(x) = lim,ow(x, t). Furthermore, if h has the Riesz
decomposition h = Gu + #Z A then u takes the initial value (u, A) in the sense
of (4).

The purpose of this note is to study the regularity properties of weak solutions
of the porous medium equation in a cylinder. It was crucial for the above theory
to deal with solutions that were a priori known to be continuous. It is therefore
natural to ask whether weak solutions are continuous. In a companion paper
to this one [6] we have established this for purely local solutions. The present
work deals with weak solutions, which are zero in a weak sense on the lateral
part of the boundary, and thus, the purely local theory does not apply.

Let as before D C R" be a bounded domain with a smooth boundary. Let
A denote the class of

ne C°(R" x (0, 00))

with the property that 7 =0 on 9D x (0, co). We will say that a nonnegative
function u is a weak solution of (1) satisfying Dirichlet boundary conditions if

// u™dxdt < oo
Dx(a,b)
forall 0 <a<b< oo and

Oy m _
//Q(u—a—t+u Aw)dxdt—O

for all y € #. Here Q denotes D x (0, oo). We will denote the class of
all such solutions by &y . Our main result is now that all weak solutions are
continuous, i.e. Fy =L .

Theorem 1.4. Let D C R" be a bounded domain with a smooth boundary. Sup-
pose u > 0 is a weak solution of the porous medium equation satisfying Dirichlet
bovndary conditions. Then there is a continuous function u* on Dx (0, oo) with
u=u" ae in Q, u*=0 on 4D x (0, ).

The idea for the proof of this result is to first show for each T > 0 there is
a bounded measure p7 on D such that forall y € #

/ wix, T)dur = / / (ua—*" + u”‘Ac//) dxdt.
D T\ 0t
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The second part of the proof consists of showing that u = u7 a.e. in wr =
{(x,t):t > T} where ur is defined as the solution of the porous medium
equation in w7 with data ur at times ¢ = T constructed by Theorem 1.2.

2. EXISTENCE OF TRACE

We will from now on assume that D C R” is a bounded domain with a
smooth boundary and that ¥ > 0 is a weak solution of the porous medium
equation (1) in Q = D x (0, co) with vanishing Dirichlet conditions.

Let w = Gu be the Green potential of u in Q. We then have that w >0
with [f, . pwdxdt <oo forall 0 <a<b < oo, furthermore

/ (wAn + nu)dxdt =0
Q

forall ne .#.
We next observe that 0w /0t = —u™ in the distribution sense. To see this
let ¥ € Cg°(Q) and set n = G&. Then

/ w—dxdz_-//wAa”dxdz_//uldxdt—//umndxdz
=//u’”l9dxdt.

A particular consequence of this is that if 7 > 0 and if 6 € C§°(D), y €
C§°(R) with y(t) =0, then an approximation argument shows

(5) //Dx(t’oo) G(x)(y'(t)w(x, t) — y(t)u(x’ t)m)d.th -0

We can therefore define the trace v; of w at a time 7 > 0 by choosing a
y € Cg°(R) with the property that y(7) =1

/D Odv, = / /D o B0, D" = W, )dxdr.

By (5) the measure v, is well defined. We remark that v, > 0. To see this for
€ >0 let y. € C§°(R) be chosen so that y;(1) >0 for t—e<t< 1, 7.() =0
for t <t—¢ and y,(r) = 1. From (5) it follows that if 6 >0 then

- / 0dv, = // 0(x)(ye(Du(x, )" —yi(t)w(x, t))dxdt<o(l) ase | 0.
d Dx(t—e,1)

It is also easy to see that [, dv, < oo and that v, is a weakly continuous
function of .
We summarize the properties of v; in the following lemma.

Lemma 2.1. For all T > 0, w has a trace v,. The trace v, is a nonnegative
measure with [dv, < oo. Furthermore, v, is a supersolution of the Laplace
equation, i.e. Av, <0 in the distribution sense. In particular, v, is absolutely
continuous.

Proof. We need only verify that v; is a supersolution. Let y € Cj°(R), e; €
C>(R) have the properties that y(7) =1, e; > 0, e;(¢) =0 for 1 < 7 and
ej(t)=1 for t > 1+ 1. Letting 6 € Cg°(D) with 6 >0 we have that
/ Afdv, = lim // AB(x)e;(t)(y(Du(x, )™ — ¥ (H)w(x, t))dxdt.
D Q

j—oo
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So integrating by parts and using the equation gives

/DAé?dz/T = —jlir?o //Q O(x)ej()y(thu(x, t)ydxdt <0

which completes the proof of the lemma.

3. APPROXIMATION PROCEDURE

We begin by defining a convenient approximation of the Green function. For
f € C§°(D) let uy denote the solution of the initial Dirichlet problem for the
heat equation, i.e. u, solves the equation
ou

E_Au=0 for (x, t) € D x (0, o0),

u(x,0)=f(x) forxeD,
ux,t)=0 forx€dD, t>0.
We denote by Gy f the operator defined by

G.f = ufdt

2-k
and let Gi(x, y) denote the corresponding kernel. Gf can be written as

Gf = / uydt.
0
The following properties are easily verified:
Gk(x,y)=Gk(y,X), AGkSO,
Gr(x,y)1G(x,y) askToo.
Setting
pilx, 0= [ Gelx, yuty, Dy

we observe that the inequalities p,,; > p, and 9dp; /0t < 0 hold in the distri-
bution sense. The first inequality follows since G is monotonically increasing
in k. To see the second inequality pick n € C§°(D) with n > 0. Then

[ Sraxai= [[2Z0uaxar=- [[ sGenumdxdi>o.

Pick 4 € C°(R) satisfying 4 > 0, [A(f)dt = 1, and A = 0 outside the
interval (1, 1). Define

wi(x, t) = /pk(x, t+527)A(s)ds .

Lemma 3.1. The functions w; are smooth and converge to w in the distribution
sense. The following inequalities hold for k =1,2, ...:

(6) Wi < Wiy s
Bwk
™ o <0
(8) Awk < 0,
(9) % < y(Awy) where y(s) = sign(s)|s|™.
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For every 1> 0 thereisan f, € L'(D), f; >0 such that
(10) wi(x,t) <Gfi(x) fort>rt.
Forall 0<a<b< o

(1) //Db T

Proof. The properties (6)-(8) are straightforward consequences of the corre-
sponding properties for the functions py .
Let f; denote an orthonormal basis for L?(D) of eigenfunctions for the

Laplace operator, i.e.
{Afj =-Ajf; inD,

fi=0 ondD.

We define the operator H;, ¢t > 0, and its integral kernel H;(x, y) as the
solution operator for the initial Dirichlet problem, i.e. for f € L} D), f =

>cifi

QWi _OW| 1vdr 0 ask — oo.

Hf () =y, ) = S cie™f0) = [ Hitx, s )y
We next define the operator %, for a function ¢ on Q by
Peq(x, 1) / Hy_«(x, )A(s)q(y, t +s27X)dy ds.
With this notation w, = Fw and

w(Bwy) - 2 = P — (P 2 0

by the fact that 2 is given by a nonnegative kernel with total integral less
than or equal to 1 and Jensen’s inequality. Since 9(w, — w)/dt = u™ — FHu™
the property (11) follows from the fact that H,_« is an approximation of the
identity.

Since pi(x,t) = [Gi(x, y)u(y, t)dy is a decreasing function of ¢ and 4
is supported on [4, 1] it follows that if 7> 7 >0 then

wi(x,t) = /pk(x, t+27%5)A(s)ds < G f: < Gf;

where fi(x) =% [, /2 u(x, s)ds, which completes the proof of the lemma.

From the lemma follows that for all (x, ) € Q limg_,, wi(x, t) exists (it
may possibly equal +o00). From now on we redefine w to equal this limit.

Lemma 3.2. For every 1 the trace dv, = w(x, 1)dx and w(x, 1) = Gu.(x)
for a nonnegative measure pu, with [du. < oo. Furthermore

limw(x, t)=w(x, 1).
tlt

Proof. Pick 1>0, 6 € Cg°(D) and y € C5°(0, oo) with y(t) = 1. Then

/ Owi(x, 1) //Dx(t - ( (t)aw—";—’;’—t) + ¥ (Owi(x, t)) dxdt.

By Lemma (3.1) 0w /8t — dw/dt in L'(D) x supp(y) and wy 1 w as
k — oo which shows dv, = w(x, 1)dx.
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It also follows from Lemma (3.1) that w(x, ) is superharmonic with
w(x, 1) < Gfr, 0< f; € LY(D), since w is the increasing limit of the super-
harmonic functions w, . We recall that a superharmonic function is a Green
potential in D if and only if the largest harmonic minorant is identically zero,
see Helms [6]. Since w(x, t) is bounded by a potential we therefore have that
w(x, 7) = Gu.(x) for some measure u, > 0. To see that u, has finite mass we
notice that if 4; = Go;, g; > 0, is an increasing sequence of Green potentials
with ¢; having a compact support in D and lim;_. hj(x) =1 forall x € D

then
/h,-d/t,:/w(x,‘r)dajS/Gf,daj=/hjﬁdx§/f,dx.

Letting j — oo shows that [du, < co. We remark that if D; is a sequence of
domains with D; C Dj;; and JD; =D then h; can be defined by 4, =1 in
Dj and hj =0 on 8D with Ahj =0 in D\D;.

Since the functions wy are decreasing functions of ¢ it follows that w has
the same property and hence the pointwise limit

hi(x) = ltilmw(x, t)

exists for all x € D and is superharmonic. Pick n € Cg°(R"), n>0, [ndx =

1 and set for £ € R*, ¢ >0 7 ,(x) = s‘"n(%‘-). It now follows from the
weak continuity of the trace of w that

(12) [ rectemote, mx = [ e oxome(dx
forall £ in D. We now recall that for all superharmonic functions 4 in D all
points are Lebesgue points, i.e. for all £ € D

lim / fe e (X)h(x)dx = h(x).

Therefore by taking the limit as ¢ | 0 in (12) shows that A.(¢) = w(&, 1) for
all £ € D which completes the proof of the lemma.

4. MAIN RESULT

For t > 0 we define u; . as the strong solution of the porous medium
equation (1) in D x (t, oo) that satisfies u; . = 0 on 8D x (7, c0) and
Up (X, 7) = u(x, 1), x € D, where y; = —Awk Set wy . = Guj . Since
by ‘Theorem 1.3 wy , 1is decreasing in ¢ we have for (x, ) € D x (7, c0) that

wk,t(x’ t) < U)k(x, T) < w('x’ T)‘

Letting w(s) = sign(s)|s|” we have that w; is smooth and solves the in-
equality dwy /0t < y(Awy) and owy [0t = y(Awy ). It now follows from
the maximum principle (for a proof see Pierre [7] or Dahlberg and Kenig [5])
that

(13) wy <wg ;. inDx(t,00).

(The proof of the maximum principle in the above papers is only carried out for
solutions but it also carries over to the present case of a smooth subsolution.)
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Letting B be the extremal solution of the porous medium equation as de-
scribed in Theorems (1.2) and (1.3) we have u; (x, 7)< B(x,t-1), (x, 1) €
D x (7, 00). The family {u;  }32, is therefore uniformly bounded and hence
equicontinuous (see Sacks [8]) on D x [a, co) for every a > 1. A subse-
quence will therefore converge uniformly to a strong solution u; of the porous
medium equation on D x [a, o) for each a > t > 0. Since {wp J2, isa
monotonically increasing sequence of functions (again by the maximum princi-
ple explained above) it follows that the limit w; satisfies

klirgow,’:,t =Gu; = w;.

In particular we have that w(x, t) < w}(x,t) for (x,t) € D x (1, 00).
Setting M (¢t) = sup{w(x, t) : x € D} and observing that v > 0 is arbitrary we
see that M(t) < oo forall £ > 0. Also, w}(x,t) < M(t) for t > 7.

We denote by Hy(D) the Sobolev space that is the Hilbert space completion
of C°(D) equipped with the norm ||6|| = [|grad 6]>dx. We recall that if
4 is a nonnegative measure on D then Gu € Hy(D) if and only if &(u) =
[ Gudu < 0o with the energy & (u) = ||Gul®.

Since w(x, t) = Gu, with u, a nonnegative measure with [du, < oo we
have that & (u,) < oo for all ¢t > 0. We need the following lemma in order to
study the continuity of w(-, t) in the Hy-norm.

Lemma 4.1. Let p, py, U, ... be nonnegative measures on D with G(u;) <
G(pjv1) < G(u) and &(p) < oo. Assume also that limj_ Guj(x) = Gu(x)
forall xeD. Then &u; 1 &(u) and ||Gu; — Gull -0 as j— .

Proof. Using Fubini’s theorem we see that

&(uj) = /Gﬂjdﬂj < /Gﬂj+1dﬂj =/Gﬂjdﬂj+|

< /Gﬂj+ldﬂj+| < E(1js1)-

Hence & (uj) < &(u). If j >k then

&(uj) > /Gukduj = /Gﬂjduk

so by the monotone convergence theorem

lim & (u;) > /G#duk = /Gukdu

j—oo
so letting k — oo and again using the monotone convergence theorem shows
that lim;_ & (u;) = &(x) and that

s — P = E(w) + E () - 2 / Guydp — 0

as j — oo which yields the lemma.
From Lemma (4.1) it follows for all 7 > 0 that

lim flw(-, ) = w(-, D) = lim |w} (-, ) - w(-, )|
tlt tlt

= lim (-, 1) = w(-, 7)f = 0.




WEAK SOLUTIONS OF THE POROUS MEDIUM EQUATION 709

Set e (t) = ||lwk(+, 1)||*. Since wy is smooth we find by differentiating e, that
if 0 <7< T then there is a constant C = C(t, T) such that

Since

// (Pu)(Fu™)dxdt = e (1) — e (T) < C.
Dx(t,T)

P! and Fu™ converge pointwise a.e. to # and u™ respectively, we
k k

find by Fatou’s theorem that [[;, . . u"*!'dxdt < oo and hence

as k

// (| Peu — ™! + | Pu™ — ™|V dx dt — 0
Dx(t,T)

— oo. Differentiating the energy of wy(-, t) — wi(-, t) we see for 0 <

T < T that

lwe (-, ©) —wi (-, DI = Jwe(-, T) —wi(-, D

+ // (Ppeu — uz)(Fu™ — (up)™)dx dt.
Dx(t,T)

Letting k — oo we see that

(-, T) = wi(-, TY|? + / /D o T ) dxd =0,

Hence u = u} a.e. on D x (1, oo) which yields Theorem 1.4.

1
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